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Abstract 

Let D be a bounded domain in M" with a smooth boundary dD. We indicate ap- 
propriate Sobolev spaces of negative smoothness to study the non-homogeneous Cauchy 
problem for an ehiptic differential complex {Ai} of first order operators. In particular, 
we describe traces on dD of tangential part Ti{u) and normal part Vi{u) of a (vector)- 
function u from the corresponding Sobolev space and give an adequate formulation of 
the problem. If the Laplacians of the complex satisfy the uniqueness condition in the 
small then we obtain necessary and sufficient solvability conditions of the problem and 
produce formulae for its exact and approximate solutions. For the Cauchy problem in the 
Lebesgue spaces L'^{D) we construct the approximate and exact solutions to the Cauchy 
problem with maximal possible regularity. Moreover, using Hilbert space methods, we 
construct Carleman's formulae for a (vector-) function u from the Sobolev space H^{D) 
by its Cauchy data Ti{u) on a subset F C dD and the values of AiU in D modulo the 
null-space of the Cauchy problem. Some instructive examples for elliptic complexes of 
operators with constant coefficients are considered. 

Key words: Elliptic differential complexes, ill-posed Cauchy problem, Carleman's formula. 

It is well-known that the Cauchy problem for an elliptic system A is ill-posed (see, for 
instance, [1]). Apparently, the serious investigation of the problem was stimulated by practical 
needs. Namely, it naturally appears in applications: in hydrodynamics (as the Cauchy problem 
for holomorphic functions), in geophysics (as the Cauchy problem for the Laplace operator), in 
elasticity theory (as the Cauchy problem for the Lame system) etc., see, for instance, the book 
[2] and its bibliography. The problem was actively studied through the XX century (see, for 
instance, [3], [4], [5], [6], [7], [8], [9], [10], [11], [12] and many others). 

Differential complexes appeared as compatibility conditions for overdetermined operators 
(see, for instance, [13]). Thus, the Cauchy problem for them is of special interest. One of the 
first problems of this kind was the Cauchy problem for the Dolbeault complex (the compatibility 
complex for the multidimensional Cauchy- Riemann system), see [14]. The interest to it was 
great because of the famous example by H. Lewy of differential equation without solutions, 
constructed with the use of the tangential Cauchy- Riemann operator, see [15]. Recently new 
approaches to the problem were found in spaces of smooth functions (see [16], [17]). 

We consider the Cauchy problem in spaces of distributions with some restrictions on growth 
in order to correctly define its traces on boundaries of domains (see, for instance, [2], [18], [19], 
[20]). In this paper we develop the approach presented in [9] to study the homogeneous Cauchy 
problem for overdetermined elliptic partial differential operators. Instead we consider the non- 
homogeneous Cauchy problem for elliptic complexes. 
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1 Preliminaries 



1.1 Differential complexes 

Let X be a C°°-manifold of dimension n>2 with a smooth boundary dX. We tacitly assume 
that it is enclosed into a smooth closed manifold X of the same dimension. 

For any smooth C-vector bundles E and F over X, we write Diffm(X; E ^ F) for the space 
of all the linear partial differential operators of order < m, between sections of E and F . Then, 

o o 

for an open set O C X (here X is the interior of X) over which the bundles and the manifold are 
trivial, the sections over O may be interpreted as (vector-) functions and A G Diff^(X; E ^ F) 
is given as (/ x /c)-matrix of scalar differential operators, i.e. we have 

\a\<m 

where aa{x) are (/ x A;)-matrices of C°^(0)-functions, k = rank(£'), / = rank(F). 

Denote E* the conjugate bundle of E. Any Hermitian metric (., .)x on E gives rise to a 
sesquilinear bundle isomorphism (the Hodge operator) -k^: E ^ E* by the equality {^ev, u)x — 
{u, v)x for all sections u and v of E; here (., .)x is the natural pairing in the fibers of E* and E. 

Pick a volume form dx on X, thus identifying the dual and conjugate bundles. For A e 
Diff^(X; E ^ F), denote by A* G Diff^(X; F ^ E) the formal adjoint operator. 

Let TT : T*X — > X be the (real) cotangent bundle of X and let 7r*£' be a induced bundle for 
the bundle E (i.e. the fiber of 7r*E over the point {x,z) G T*X coincides with Ex). We write 
(t{A) : 7r*E — )■ 7i*F for the principal homogeneous symbol of the order m of the operator A. 

o 

Let D be a bounded domain (i.e. open connected set) in X with infinitely differentiable 
boundary dD. Denote C°°{D, E) the Frcchet space of all the infinitely differentiable sections of 
the bundle E over D and denote C^{D, E) the subset in C^{D, E) which consists of sections 
with all the derivatives continuously extending up to D. Let also C^^p{D, E) stand for the 
set of all the smooth sections with compact supports in D. Besides, for open (in the topology 
of dD) subset F C dD, let C^p{D U r,E) be the set of C°°(D, E)-sections with compact 
supports in D LIT. 

For a distribution-section u G {C^^p{D,E)y we always understand Au in the sense of 
distributions in D. The spaces of all weak solutions of the operator A in D we denote Sa{D). 

o 

We often refer to the so-called uniqueness condition in the small on X for an operator A. 

o 

Condition 1.1. If u is a distribution in a domain D X with Au — in D and u — on an 
open subset O of D then u = in D. 

It holds true if, for instance, all the objects under consideration are real analytic. 
Let Ga{-, ■) e Diff^_i(X; (F*, E) A"^^) denote a Green operator attached to A, i.e. such 
a bi-differential operator that 

dGAi^pg, v) = ({Av, g)x - {v, A*g)x) dx for all g G C~(X, F), ^; G C°°(X, E); 
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here is the bundle of the exterior differential forms of the degree < p < n over X. The 
Green operator always exists (see [13, Proposition 2.4.4]) and for the first order operator A it 
may be locally written in the following form: 

GA{-^g,v) = g*{x) a{A){x, {-kdxi, . . . v{x) for all g e C°°{X,F), v E C°°{X,E). 

Then it follows from Stokes formula that the (first) Green formula holds true: 

/ GA{^g,v)= [ {{Av,g),-{v,A*g),)dxioT8.llgeC°^{X,F), veC^{X,E). (1) 

JdD JD 

Fix a defining function of the domain D, i.e. a real valued C°°-smooth function p with 
|Vp| 7^ on dD and such that D — {x E X : p{x) < 0}. Without loss of a generality we can 
always choose the function p in such a way that |Vp| = 1 on a neighborhood of dD. Then 

GA{^g,v) = f {a{A){x,Vp) v,g), ds{x) for all g e C°°(X,F), v e C^{X,E), (2) 

JdD 

where ds is the volume form on dD induced from X. 

Our principal object to study will be a complex {Ai, £'i}^o partial differential operators 
over X (see, [13], [21]), 

^ C^{X, Eo) ^ C~(X, El) 4 C°°{X, E^)^--- C°°(X, En) ^ 0, (3) 

where Ei are the bundles over X and A^ e Diffi(X; Ei — >■ -Ej+i) with ylj+i o >lj = 0; we tacitly 
assume that ^4^ = for both i < and i > N. Obviously, (t(A+i) ° cr(A) = 0. We say that 
the complex {Ai, Ei}^Q is elliptic if the corresponding symbolic complex, 

^ n*Eo "^-A'^ 7r*Ei ^^'^ 7r*E, ^ • • • "^^4"^^ n^E^ ^ 0, (4) 

is exact for all (x, z) e T*X \ {0}, i.e. the the range of the map cr(Aj) coincides with the kernel 
of the map a{Ai+i). In particular, a{Ao) is injective away from the zero section of T*X and 
(t(^jv-i) is surjective. 

As any differential complex is homotopically equivalent to a first order complex, we will 
consider elliptic complexes of first order operators only. Hence it follows that the Laplacians 
Aj = A*Ai + Ai_iA*_-^ of the complex are elliptic differential operators of the second order and 
types Ei ^ Ei on X for <i < N. 

1.2 Sobolev spaces 

We write L^{D,E) for the Hilbert space of all the measurable sections of E over D with a 
scalar product {u,v)l2(^£, e) = jjj{u,v),j.dx. We also denote H''^{D,E) the Sobolev space of the 
distribution sections of E over D, whose weak derivatives up to the order s G N belong to 
L'^{D,E). As usual, let Hf^^^D U T,E) be the set of sections in D belonging to H'^^a^E) for 
every measurable set cr in D with a <Z D\JV. 

Further, for non- integer positive s we define Sobolev spaces H^{D, E) with the use of the 
proper interpolation procedure (see, for example, [2, §1.4.11]). In the local situation we can use 
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other (equivalent) approach. For instance, if X C and the bundle E is trivial, we may we 
denote H^/'^{D, E) the closure of C°°{D, E) functions with respect to the norm (see [22]): 



, ,1 112 , /" /" ~ u{y)\^dxdy 

\u\\Hy^^D,E) - \l II«IIl2(D,S) + |^_^|2n+l " 

Then, for s G N, let H'-^/'^{D,E) be the space of functions from ^{D,E) such that weak 
derivatives of the order (s — 1) belong to H^^^[D, E). 

Sobolev spaces of negative smoothness are usually defined with the use of a proper duality 
(see [23]). For instance, one can consider a Sobolev space H~^{D,E) as the completion of 
the space {D, E) with respect to the norm sup ^^i^, s G N. Unfortunately, 

elements of these spaces may have "bad" behavior near dD, but the study of the Cauchy 
problem needs a correctly defined notion of trace. This is the reason we use slightly different 
spaces; we follow [18] (cf. [20], [2, Chapters 1, 9], [24]). More exactly, denote by C^_^(D,E) 
the subspace in C°°{D, E) consisting of sections with vanishing on dD derivatives up to order 
m — 1. Let s e N. For sections u e C°°{D, E) we define two types of negative norms 

11 I, \{u,v)L2^^oE)\ I I \{U,V)L2^^DE)\ 
\\u\\-s = sup .. .. , \u\-s — sup 



It is more correct to write || ■ ||-s,d,£; and | ■ \-s,d,e, but we prefer to omit the indexes D, E, if 
it does not cause misunderstandings It is convenient to set || • ||o,z) = || • \\l2(d,e)- 

Denote the completions of space C°°{D,E) with respect to these norms by H~^{D,E) 
and H{D,E,\ ■ \^s) respectively. It follows from the definition that the elements of these 
Banach spaces are distributions of finite orders on D and the spaces could be called Sobolev 
spaces of negative smoothness. Clearly, they satisfy the following relations: H^''^{D, E) 
H{D,E, I ■ |_,) ^ H-'{D,E), and, similarly, H-'{D,E) ^ H-'-\D,E), H{D,E, \ ■ |_,) ^ 
H{D,E,\ 

The Banach space H~'^{D, E) is isomorphic to the dual space {H'{D,E)) of the stan- 
dard Hilbert space H'^{D,E) (see, for instance, [2, Theorem 1.4.28]). Thus, the Banach space 
H~^{D, £"), is a Hilbert space with the scalar product 

{u, v)-s = ^ {\\u + vf_^ - \\u - vf_^ + \\iu + vf_^ - \\iu - vf_^) , (5) 
coherent with the norm because of the parallelogram identity. 

o 

Clearly, any element u e H~^{D, E) extends up to an element U e H~^{X, E) via 

([/, v) o = {u, v)d for all v e H'{X, E); 
X 

here (■, •)!) is a pairing H x H' for a space H of distributions over D. It is natural to denote this 
extension xdu because its support belongs to D. Obviously, this extension induces a bounded 
linear operator 

XD : H-'{D, E) ^ H-'{X, E), se Z+. (6) 

It is known that the differential operator A continuously maps H^{D,E) to H^~"^{D, F), 
m < s, s e N. The following lemma shows the specific way of the action of ^4 for s < 0. 



4 



Lemma 1.1. A differential operator A induces linear hounded operator A : H ^{D,E) — >■ 
H{D,F,\-\_,_J, seZ+. 

Proof. Immediately follows from (1) and (2). □ 
However there is no need for elements of H~^{D, E) to have traces on dD and there is no 
need for A to map H~'{D, E) to //-^-"^(D, F). 

2 Traces of Sobolev functions of negative smoothness 

By the discussion above we need to introduce some other spaces in order to define the traces 
on dD. In general, our approach is closed to the one described in [2, §9.2, 9.3]. 

2.1 Strong traces on the boundary 

It is well-known that if dD is sufficiently smooth then the functions from the Sobolev space 
H^{D), s e N, have traces on the boundary in the Sobolev space H^~^/'^{dD) and the corre- 
sponding trace operator tg : H^{D) — >■ H^~^/'^{jdD) is bounded and surjective (see, for instance, 
[22]). In particular, this means that for every u G i7f^,^(Dur, E), s e N, there is a trace tY,E{u) 
on r belonging to Hi^^^'^(V ,E). 

In order to define the so-called strong traces on dD for elements of Sobolev spaces with 
negative smoothness we denote H^^{D,E) the completion of C°°{D,E) with respect to the 
graph-norm: 

\\u\\-s,t = (Ikll-. + \\u\\ls-l/2,dDy^^ ■ 

Thus the operator ts induces the bounded linear trace operator 

t.s,E : Hr{D,E) ^ H-'-^l\dD,E). 

Remark 2.1. The spaces H-'{D,E), Hf%D,E), H{D,E, \ ■ |_,) are well-known. Let A be 
a first order operator with injective principal symbol. Given distributions w and uq, consider 
the Dirichlet problem for strongly elliptic formally self-adjoint second order operator A* A. It 
consists in finding a distribution u satisfying 

A*Au = w in D, 

(7) 

t{u) = uq on dD. 

It follows from [18, theorems 2.1 and 2.2] (see also [20], [24] for systems of equations) that 

Uniqueness Theorem and Existence Theorem are valid for problem (7) on the Sobolev scale 
H%D,E), s e Z for data w G H{D,E, \ ■ |,_2) and Uq G H'~^/^{dD, E). Denote by V^^^ the 
operator mapping Ua and w = to the unique solution to the Dirichlet problem (7). Similarly, 
denote Q^^^ the operator mapping w to the unique solution to the Dirichlet problem (7) with 
zero boundary Dirichlet data. Clearly, G^*]^ famous Green function of Dirichlet problem 

(7) and is the Poisson integral corresponding to the problem. The standard theorem 

of improving the smoothness of the Dirichlet problem (see, for instance, [22] or [2, Theorem 
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9.3.17]) and [24, Theorem 2.26 and Corollary 2.31] imply that the operators "P^*^, Ga*a 
continuously on the following Sobolev scale: 

rf4^ : H^-'/\dD, E) ^ H^{D, E), ^g'^ : H{D, E, \ ■ \,_,) ^ H^D, E), seN, 

Vf.\'^ : H-^-'/\dD, E) ^ H;^{D, E), gf,^^^ : H{D, E, \ ■ |_,_2) ^ H^iD, E), se Z+; 
they completely describe the solutions of the Dirichlet problem on the scale. □ 

However we need a more subtle characteristic of traces to study the Cauchy problem for 
differential complex {Ai}. 

For a section u of E over D and a first order operator A, let fA^u) = a{A){x,'Vp{x))u 
represent the Cauchy data of u with respect to A (see, for instance, [13, §3.2.2]). Similarly, let 
^'a(/) = TA*{f) represent the Cauchy data of / with respect to A* for a section / of F. Then 
the maps f, z> induces a bounded linear operators 

fA,s : H%D, E) ^ H'-'/\dD, F), ua,s : H'{D, F) ^ H'-'/\dD, E), seN. (8) 

Denote completions of the space C°°{D, E) with respect to graph-norms 

\\u\\-s,A = {\\uf^, + , ll-^ll-^.f^ = (11^*11-. + ¥A{u)f_^_y^^Qoy'^ 

by H^^^D^E) and H^^{D,E) respectively. Clearly, the elements of these spaces are more 
regular in D than elements of H^^[D, E). Moreover, by the very definition, the differential 
operator A induces a bounded linear operator 

A_,:H^%D,E)^H-'-\D,F), 

and the trace operator (8) induces a bounded linear operator 

fA,s : H^:{D,E) ^ H-^-'/'{dD,F). 

Theorem 2.1. Linear spaces H^'^{D,E) and H^^{D,E) coincide and their norms are equiv- 
alent. Moreover, if A has injective principal symbol then Hf^{D,E) and Hf^{D,E) coincide 
and their norms are equivalent. 

Proof. It follows from the definition of spaces that wc need to check the relations between 
norms on sections from C°°{D,E) only. By Green's formula (1) and (2) we have for all u G 
C~(A^): 

\h\a < (1 + ii^:+iii' + \\ts+iA?){\\u\t, + iifA(^)ir_,_i/2,aD), 

where A^+i : H^^^{D, F) — )■ H^{D, F) is the linear bounded operator induced by the differential 
operator A*. 

Back, fix a section e C°°{dD,F). Now let e Diffi(X;F ^ F <^ {T*X)^) and be a 
connections in the bundle F compatible with the corresponding Hermitian metric (see [25, Ch. 
Ill, Proposition 1.11]). Obviously Vf has injective symbol. Then, using remark 2.1 we see that 
there is a section g e C°°{D,F) with g — qq on dD and ||5'||s+i < 7||fl'o||s+i/2- For instance 
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we may take g — Vy^Jy^g^. Therefore Green's formula (1) and formula (2) imply that for all 
u e C°°(D,E) we have: 

/ {T'A{u),go)^ds{x) = / {{Au,g)^- {u,A*g)^)dx. 

JdD Jd 

Hence 

iHr-3 + iiTA(^)ir_._v2,aD < (1 + f K+iir + 7^ 

i.e. the spaces H^^[D, E) and H^^{D, E) coincide and their norms are equivalent. 

Finally, if cr{A) is injective then the map a*{A){x,V p{x))a{A){x,V p{x)) is invertible on 
dD and 

TA^u) = a{A){x, Vp{x))t{u), t{u) = {a*{A){x, V p{x))a{A){x, Vp(x)))-^f>^(fAH), 

which means that the norms || • \\-s.t and || ■ \\-s,fA are equivalent on C°°{D,E). □ 
Now for the complex {Ai} denote fj the Cauchy data with respect to Ai. Similarly de- 
note z/j the Cauchy data with respect to As the complex is elliptic then the matrix 
L{x) = a*{Ai){x,Vp{x))a{Ai){x,Vp{x)) + a{Ai_i){x,Vp{x))a*{Ai_i){x,Vp{x)) is invertible 
in a neighborhood of dD. Then we set 

Ti = L~^(x)i>i+i o fj, Ui = L~^(x)fj_i o i>i. 

Lemma 2.1. The following identities hold true: 

n+i o fj = 0, i>i-i o i>j = 0, fj o i/j = 0, DiOTi^ 0, fj = fj o r^, Di^ViO Vi, 

n°n^ n, ^iOVi^ Ui, novi^ o, i^, o = o, + = i, 

Proof. See, for instance, [13, formulae (3.2.3)]. □ 
Because of Lemma 2.1, the projections rj(-u) and Uilu) are often called the tangential and 
normal parts of a section u with respect to the complex {Ai} respectively. 
Due to Lemma 2.1 we have for all u e C^iD, Ei), g e C°°(D, Ei+i): 

/ {ri{u),i>i+i{g))^ ds{x) ^ {{AiU,g)^- {u,A*g)^)dx. (9) 
JdD Jd 

Denote the completion of the space C°°{D, Ei) {0 < i < N) with respect to graph-norms 

M^s,n = {hits + Hiu)\\-s-l/2,dDY^^ , \M-s,Ui = {\\u\\-s + \Wi{u)\\-s-l/2,aDy^'^ 

by H-'{D,Ei) and H-'{D,Ei) respectively. 

CoroUciry 2.1. Let the differential complex {Ai} be elliptic. Then linear spaces H^^{D, Ei), 
H^^{D, Ei) and H~^{D, Ei) coincide and their norms are equivalent. 

Proof. The equivalence of the norms || ■ \\-s,Ai and || ■ \\-s,fi follows Theorem 2.1. Finally, 
as the complex {Ai} is elliptic then Lemma 2.1 implies the equivalence of the norms || • ||_s,fi 
and II • ||_,T-.-. □ 
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CoroUeiry 2.2. Let the complex {Aj} he elliptic. Then linear spaces HJ (D, Ei), Hj^.^(D, EA 
and H~^{D, Ei) coincide and their norms are equivalent. 

Proof. As the complex {A^} is elliptic then the complex {A*} is elliptic too. That is why 
Corollary 2.1 implies the desired statement. □ 

Corollary 2.3. // the complex {Ai} is elliptic then the linear spaces i?^^^^. {D, Ei) and 
H^^{D, Ei) coincide and their norms are equivalent. 

Proof. As the complex {^4^} is elliptic then the operator A^ ® A*_^ has injective principal 
symbol. Hence the statement follows from theorem 2.1. □ 

CoroUctry 2.4. // the complex {Ai} is elliptic then the following identities hold true: 

HI%^.JD, Ei) = //-(L>, Ei) n H^JD, Ei), 
H-^D, Ei) = H-%D, Ei) n H;;{D, Ei). 

2.2 Weak boundary values of the tangential and normal parts 

Consider now the weak extension of an operator A on the scale H~'^{D, E). Namely, denote 
H^^{D, E) the set of sections u from H~^{D, E) such that there is a section / G H^'^{D, F) 
satisfying Au = / in H^^{D. F, | ■ |-s-i) (in particular, in the sense of distributions in D). As 
the operator A is linear, this set is linear too. Clearly, 

Hr{D,E)cH^%{D,E). (10) 

It is natural to expect that these spaces coincide (cf. [26]); we will prove it later. 

According to Corollary 2.1, we have Ti{u) G H~^~^^'^{dD, Ei) for all sections u G H^^{D, Ei). 
Let us clarify the situation with traces of elements from H^^^{D, Ei) for an operator Ai from 
an elliptic complex. 

To this end, define pairing {u,v) for u G H~^{D,E), v G C°°{D,E) as follows. By the 
definition, one can find such a sequence {u^,} in C°°{D,E) that \\ui, — u\\-s — > if — > oo. 
Then 

\{u^ - Uh,v)l2(d,e)\ < \\uu - Uu,\\^s\\v\\h'>{d,e) as iJ,,iy ^ oo. 
Set {u,v) = lim {ui,,v)L2m e). It is clear that the limit does not depend on the choice of the 

sequence {u^}, for if — >■ 0, — >■ oo, then |(iiz/, i')l2(c,b)| < ||iii/||-s||'i'||if«(D,E) tends to zero 
too. This implies that for u G H^^{D, E) and v G C°°{D, E) we have the inequality: \{u, v) \ < 
\\u\\-s\\v\\h^(d,e)- SetH{D,E) = W^qH'^^D, E). Easily, the pairing (m, w)/) is correctly defined 
for u G H{D,E) and v G C^(D,E). The unions UZiH-'{D,E) and UZiHX%{D,E) we 
denote by H{D,E) and Ha{D,E) respectively. 

As before, let T be an open (in the topology of dD) connected subset of dD. The following 
definition is induced by (9). 
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Definition 2.1. Let alone the correctness of this definition, we say that a distribution-section 
u e HAi{D, E.j) , satisfying AiU = f in D with f G H{D,Ei^i), has a weak boundary value 
^"r W = n{uo) on r for Uo G V'{T, E^) if 

(/, 9)d - {u, A*g)D = {-kVi+i{g),Ti{uo))T for all g e C^rnp{D U T, Ei+i). 

Formulae (1), (2) and Theorem 2.1 imply that any section u G H^^[D, Ei) has weak 
boundary value of the tangential part t^q£){u) on dD coinciding with the trace Ti-s{u) G 
H~^~^f'^{dD , Ei). Wc are to connect the weak boundary values of the tangential parts with 
the so-called limit boundary values of solutions of finite orders of growth near dD to elliptic 
systems (see [19], [20], [2]). Recall that a solution u G Sa{D) of an elliptic system A has a 
finite order of growth near dD if for any point G dD there are a ball B{x^, R) and constants 
c > 0, 7 > such that 

\v{x)\ < c dist{x, dD)-^ for all x G B{x^ , R) n D. 

As dD is compact, the constants c and 7 may be chosen in such a way that this estimate is 
vahd for all x° G dD. The space of solutions to A of finite order of growth near dD will be 
denoted S^{D). 

Further, set D^ = {x & D : p(x) < —s}. Then, for sufficiently small e > 0, the sets D^ <e 
D d D_e are domains with smooth boundaries dD±s of class and vectors =pez/(a;) belong to 
dD±s for every x G dD (here z/(a;) is the external normal unit vector to the hyper-surface dD at 
the point x). According to [2, Theorem 9.4.7], [20], if is elliptic and it satisfies the Uniqueness 
Condition 1.1 then any solution w G S'^*y^(D) had a weak hmit value G {C^p{T, E))' on 
r, i.e. 

< V >= lim / v{y)w{y - eu{y))ds{y) for all v G C^p{T, E). 

Theorem 2.2. Let A^ be an elliptic complex such that operators A^ © A*_-^, < i < N , satisfy 

the Uniqueness Condition 1.1. Then every section u G H^^^{D,Ei) has weak boundary value 
Tl"gjj{u) G H^^^^^'^{dD, Ei) in the sense of Definition 2.1, coinciding with limit boundary value 
Ti{w) of a solution w = {u — A*f — Ai^iQ'^^,'_^^^^^ A*_]^u) from S^^{D); besides, t^qd{u) 

does not depend on the choice of f & H~'^~^{D, Ei^i) with A^u = f in D. 

Proof. First of all we note that Lemma 1.1, Theorem 2.1 and Remark 2.1, imply that 
the operator Q^^.'^^A* continuously maps Hp~^{D, Ei+i) to H\.{D,Ei). Hence the sections 

= gf/-'^A*f G H-^{D,Ei) and W2 = Of:'"^^^ A*_^u G H2^+\D,Ei_i) have zero traces 
t_s(wi) and t_s+i{ui2) on dD. In particular, rj^_s(wi) = 0, rj_i^_s+i(w2) = 0, and therefore 
t^qd{wi) = 0, = 0. Bcsidcs, as Ai o Ai_i = 0, we see that Ai{Ai_iW2) = in D and 

Ai_iW2 G H^^,^{D, Ei). According to Definition 2.1, applied to W2, we have: 

(0,-0)0 - {Ai_iW2,A*v)D = -{irC'i{A*v),Ti-i{w2))r + {w2,A*_^A*v)d = 
for all V G C^rnpiD U F, ^^+1). Therefore T^fg^lA-iWa) = too. 
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It is clear now that the section u e H^^^{D, Ei) has weak boundary value of tI"qjj{u) in the 
sense of Definition 2.1 if and only if the section w — (u — G'^^.'^^A*/ — Ai_iQ^^.l~^^~^^^ A*_iu) 
has. By the construction w e H^^,^{D, Ei) satisfies 

AiW = {A*Ai + A_,AU)u - A*f - A_,{A*_,u) = in L>. 

In particular, this section belongs to C°°{D ^ Ei)^ it has a finite order of growth near dD (see 
[24, Theorem 2.32]), and hence it has limit boundary value G {C^^p{dD, Ei))' on dD (see 
[2, Theorem 9.4.8]). Of course, the section Ti{w^) G {C^^p{dD, Ei))' is also defined because 
the function p is of class C°°. Clearly, Ti{w) = Ti{w^) in the sense of hmit boundary values on 
dD. 

As we have already noted, w G Hj^,^{D,Ei) and AiW — f — AiQ^.'~^^A*f in D where 
(/ - Aigf.~'^A*f) G H-'-^{D, Ei+i). In particular, this means that 

o 

{Xdw,v) = {w,v)d for all v G C^iX^Ei), 

{Xnif - A,gf:-'^A*f),g) = (/ - A^G^f;-'^ A*f, g)n for aU g G C°°(i:, E.+i). 

Since both w and AiW are solutions to elliptic operators, i.e. AiW = in D, Ai+i{Aiw) = 
in D and they both have finite orders of growth near dD, then it follows from [2, the proof 
of Theorem 9.4.7] that there is a sequence of positive numbers {e^}, tending to zero and such 
that 

{Xdw,v) — lim / {w,v)xdx for all v G C°°{X,Ei), 

{XdU - Aig^f;-'^A*f),g) = Mm f {Aw, g)Jx for all g G C^{X, Ei+,). 

By Whitney Theorem, every smooth section over D may be extended up to smooth section 
over X. Therefore 



iw,v)D= lim / {w,v)xdx ior &]\.v e C°°iD,Ei), 

(/ - A,g^f:-'^A*f, g)D = lim / (A^, g)xdx for aU g G C^(D, Ei+^). 

As Ti{gf.'~'^A*f + Ai_igf,'~"^^^A*u) = on dD in the sense of Definition 2.1, we see that 
Lemma 2.1, formulae (1) and (9) imply for all g G C°°{D,Ei^i): 

(/, g)D - {u, A*g)n = (/ - A,g^^:-'^A;f, g)n - {w, A*g)n = 
lim ( / {{AiW,g):c- iw,A*g)^)dx) ^ 

lim / {Ti{w),i'i+i{g))x ds{x) = {'^i'i+i{g),Ti{w°))9D, 



i.e. rl^goiu) — Ti{w) on dD. Now, ii f e H * ^{D,Ei^i) satisfies AiU — f in D then w — 
{u - gT:~'^Aff - Ai^,gf::;^^^AUu) and we have: {w-w)^ QT^^ A*{f - f) G H^^iD, Ei) 
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with tI"qj-){w — w) = on dD, i.e. weak boundary value tI"qjj{u) does not depend on the choice 
of the section / e H~^~^{D, satisfying AiU = f in D. 

Finally, we are to prove that the weak boundary value belongs to the corresponding Sobolev 
space H-'-y^{dD,Ei). With this aim, fix a section vq G C'^{dD, Ei^i). Then the section 
g = V^? y T^i{vo) (see the proof of Theorem 2.1) belongs to C°°{D,Ei^i) and coincides 
with fj(uo) on dD. Moreover, according to Remark 2.1 we have: 

- ll\\'^iM\\H'>+y^(dD,Ei+i) < l2\\vo\\H^+i/2(^gD,Ei) (H) 

with a positive constants 71, 72, which does not depend on g and Vq. Hence, by Definition 2.1 
and Lemma 2.1, we obtain: 

\i^i!dD{'^),vo)dD\ = \ {-ki>i+iifi{vo)),r^dDi'^))dD\ = \ {-ki>i+iig),r^QD{u))dD\ = 

\if,9)D - (u,A*g)D\ < \\f\\-s-l\\g\\H^+HD,E,+i) + \\u\\_s\\A*g\\H^^D,E,)- 
As the map A* : H^~^^{D, -Ej+i) H^{D, Ei) is bounded, then the estimate implies that (11) 

\iji",dD{u),Vo)\ < 7(||«||-. + \\f\\-s-l)\\vo\\H^+i/2^QD^Ei+,) 

with a positive constant 7 which does not depend on vq and uq. 
Hence, 

Wi,dD\^mH-'-y\dD,Ei) = sup -— < 7(ll«l|-s + ll/ll-s-l)- 

Thus, Tf9^(K) belongs to H-'-^l^{dD,Ei), which was to be proved. □ 

Corollary 2.5. The spaces H^^{D, E^) and H^^^{D, E^) coincide. 

Proof. Since (10), it is enough to prove that H^^^{D,Ei) C H^^{D,Ei). Fix a section 
u G H^^^{D, Ei). Proving Theorem 2.2 we have seen that there is w G S^.{D) n H~'^{D, E^), 
satisfying 

u = w + g^^-'^A*/ + A._i^;i^-^-+^)4*_,«. 

According to Remark 2.1, the section w is presented via its boundary values on dD by the 
Poisson integral w = V^^' ^hi{w). Hence w G H^^{D, Ei). Besides, Remark 2.1 imply that 
Wi — g^^.~^^A*f belongs to H^''{D, Ei) too. Thus, it follows from Corollary 2.3 that sections 
w and wi belong H^^^^.^_^{D, Ei) C H^^{D,Ei). 

Take a sequence {u^} C C°°{D,Ei) approximating u in the space H~^{D, Ei). It follows 



from Remark 2.1 and 1.1 that the sequence {Ai_iQ^^,'__^^~^^^ A*_iUt,} C C°°{D,Ei) converg 
to Ai_ig'f.'_~'^^^ A*_iu in the space H-'{D,Ei). Moreover, {A(^i-i^'£7^^^^*-iiir.) = 0} C 
C°°{D,Ei) converges to zero in the space H~^~^{D, Ei+i). Therefore be- 
longs to H^^(D, Ei). That is why the section u belongs to this space too. □ 

Corollary 2.6. The differential operator Ai continuously maps H^^{D, Ei) to H^^~^^{D, Ei+i). 



;es 



11 



Similarly defining the spaces H^S ^ ,^{D,Ei) and Hj^^^^* ^ ,^^{D,Ei) we easily obtain the 
following statements. 

Corollary 2.7. The spaces H^* ^{D,Ei) and H^* ^ ,^{D,Ei) coincide. 

Corollciry 2.8. The spaces H^^^^* ^{D,Ei) and H^^^y^* ^^{D,Ei) coincide. 

As we have seen above, the scale {H^^{D, Ei)} is suitable for stating the Cauchy problem 
for Dolbeault complex. In order to do this we need to choose a proper spaces for the boundary 
Cauchy data on a surface F C dD. As we are interesting in the case F 7^ dD, we will use 
one more type of Sobolev spaces: Sobolev spaces on closed sets (see, for instance, [2, §1.1.3]). 
Namely, let H~^~^/'^{r, Ej) stand for the factor space of H^''^^/'^{dD, E^) over the subspacc of 
functions vanishing on a neighborhood of F. Of course, it is not so easy to handle this space, but 
its every element extends from F up to an element of H~^~^^'^(dD, Ei). Further characteristic 
of this space may be found in [2, Lemma 12.3.2]). We only note that if F has C°°-smooth 
boundary (on dD), then 

H-'-y\r,Ei) ^ H-'-^/\T,Ei) ^ H-'-^/^{r,Ei). 

Corollary 2.9. For every section u G H^^{D, Ei) and every F C dD there is boundary value 
Ti,r{u) in the sense of Definition 2.1, belonging to H~^~^^^(r, Ei). 

As dD is compact, UZiH-'-^/\dD, Ei) = V'{dD, Ei). Set UZiH-'-^/\T, Ei) = V'{T, E^). 
Now Corollary 2.5 immediately implies the following statements. 

Corollciry 2.10. For every u e HAi{D,Ei) and every F C dD there is boundary value Ti^viu) 
in the sense of Definition 2.1, belonging to T>'{V,Ei). 

3 A homotopy formula 

From now on we additionally assume that the operators A,, < i < A^, satisfy the Uniqueness 
Condition 1.1. Then each of these operators has a bilateral pseudo-differential fundamental 

o 

solution, say, $j, on X (see, for example, [2, §4.4.2]). Schwartz kernel of the operator $j is 
denoted by $j(a;,|/), x ^ y. It is known, that $j(a;, y) G C°°{{Ei E*) \ {x = y}) (see, for 
instance, [13, §5]). 

For a section / G C°°{D, -Ej+i) we denote by T,/ the following volume potential: 

Tif{x)^{^iA*XDf){x)^ f {{A*)^Mx,.),f),dy. 

Jd 

If dD is smooth enough (e.g. dD G C°°) then the potential Tj induces a bounded hnear operator 

Ti : H'-\D, Ei+,) ^ H'{D, Ei), s G N 
(see, for example, [27, 1.2.3.5]). 
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Lemma 3.1. For any domain Q ^ X with dO, e C°° the potential Tj induces a hounded linear 
operator 

Moreover for every section f e H~^{D, E'i+i) it is true that AjTjn/ = A*XDf in i}\D. 

^ o 

Proof. First of all we note that any smoothing operator K of type E^j^i E^ on X induces 
for all p bounded linear operator 

KxD ■ H-'iD,Ei+i) ^ CPin,Ei). 

As any two fundamental solutions differ on a smoothing operator, we may assume that $,j = 
The principal advantage of (y^"* is in the fact that it is L'^{X,Ei) -self-adjoint (see, for 
instance, [24, formula (2.75)]). Besides, it has the transmission property (see [27, §2.2.2]) and 
hence it continuously acts on the Sobolev scale: 

In particular, GI^^qv belongs to Hl^{X , Ei) n C~(n, Ei) for all v G C°°{n, Ei) and, similarly, 

g''^^A*xn9 belongs to Hl^{X,Ei) n C^iTt^Ei) for all g G C^i^^Ei^^). Then for all / e 
C°=(D, Ei+i), V e C~(n, Ei),ge C°°(n, Ei+) we have: 

{Tif,v)n = (C^A*Xi^/,Xn^)x = (xd/, AC^Xn^)x, 

(AT,/,5)n = (AC^A*XD/,Xn5)x = (Xi./, AC^A*Xn5)x. 
Therefore, we have 

||TJ||_,,A„n < Ci for aU / e C°°(A E,+i), (12) 

II AT,/||_,_i,A,n < C2 ||/||-.-i,D for all / e C-(A (13) 

with positive constants Ci, C2 do not depending on /. 

Let now / e H~^~^{D, £'*+^). Then there is a sequence [fy] C C°°{D, £"1+1) converging to 
/ in H~^~^{D, Ei+i). According to (12), (13) the sequence {Tif,^} is fundamental in the space 
i7j^(Q, Ei); its limit we denote Ti^nf- It is easy to understand that this hmit does not depend 
on the choice of the sequence {fi,} converging to /, and the estimates (12), (13) guarantee that 
the operator Tj j^, defined in this way, is bounded. Moreover, the properties of the fundamental 
solutions $i means that each of the potentials Tj/j, satisfies 

{TiU, Aiv)n - 2{A:xDfu, v) = {xdU, A^^)a for all v e C^npi^ \ A Ei). 

Passing to the limit with respect to z/ — )■ 00 in the last equality we obtain the desired statement 
because operators Xd and are continuous. □ 
Further, for a section v e C°°{D, Ei) we denote by Kif the following volume potential: 

KiV = ($iA-i - Ai^i^i^i)A*_iXDV. 
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Again, by the definition, it is a zero order pseudo-differential operator with the transmission 
property. If dD is smooth enough (e.g. dD e C°°) then the potential induces a bounded 
linear operator 

Ki:H\D,Ei)^H\D,Ei), s e Z+ 
(see, for example, [27, 1.2.3.5]). 

o 

Lemma 3.2. For any domain <^ X with dQ e C°° the operator induces a smoothing 
operator on ft. In particular, for all s & N, p & N, it is bounded linear operator 

K,,n : H-'{D, E,) ^ C^iU, E^) n S^M- 
Proof. Indeed, by the definition of the fundamental solution, 

Ai($iAi_i - Ai_i$i_i)t; = Ai^iv - Ai^iv = for all v e C^mpi^ , ^i-i). 
Therefore the pseudo-differential operator ($jAj_i — (of order (—1) on X) is smooth- 

o 

ing on compact subsets of X. Now the similar statements follows for Ki. □ 
For X ^ dD we denote MiVo{x) the following Green integral with density vq e C^{dD, Ei): 

MiVo{x) = - / GAii'^'Ai'k-^ <^i{x,-),vo) = - / {ri{vo),Ui+i{Ai'k'^ <^i{x,-))yds{y), X ^ dD; 

JdD JdD 

(14) 

the last identity easily follows from (9). Thus we define the Green transform with density vq G 
V'{dD, Ei) as the result of the action of the distribution vq on the "test- function" [—Vi{Ai -k"^ 
^i{x,-))eC^{dD,Ei): 

MiVo{x) = -{vo, i>i+i{Ai -k-^ ^i{x, ■))aD = -(rj(uo), i>i+i(/lj -k'^ $j(a;, ■))9d, x ^ dD. 

o 

By the construction, M^vq G S^iiX \ supp Vo,Ei) as a parameter dependent distribution; here 
supp Vq is the support of Vq. 

Again, if dD is smooth enough (e.g. dD e C°°) then the potential Mj induces a bounded 
linear operator 

Mi : H'-^/^{dD, Ei) H\D, Ei), s e N 

(see, for example, [27, 1.2.3.5]). 

Now using Stokes formula and the potentials Tj, Mj, K-i we arrive to a homotopy formula 
for the complex {A} and sections u e C°°{D,Ei) (see [13, Theorem 2.4.8]): 

MiU + TiAiU + Ai^iTi^iu + KiU = xdu. (15) 

Of course, the continuity of the operators Tj, Mj, on the Sobolev spaces implies that formula 
(15) is still vahd for sections u e H^{D,Ei), s e N. We are to extend the homotopy formula 
for the complex {Ai} on the scale H^^{D, Ei), s e Z+. 

o 

Lemma 3.3. For any domain fl X such that dfl e C°° and D G the potential M induces 
bounded linear operators 

Mi,D : H-'-^l\dD, Ei) ^ H^^{D, Ei), Mi,n : H-'-^'\dD, Ei) ^ i/-^(0, Ei). 
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Proof. As wc already have seen above (see Remark 2.1 and Corollary 2.3), for every section 
^0 g H-'-^/\dD,Ei) the Poisson integral V^^^v" e Hj^^^._^{D, Ei) satisfies ti{V^^\°) = v°. 
Set 

Mi,D = (/ - Ti,DAi - A,_^T,,D - Ki,D) Vf^ : H-'-^'\dD, E,) ^ H^l{D, E,), 

Mi,n = (XD - Ti^nAi - - i^i.n) Vf^^ : H-'-^'\dD, E^) ^ //-^(Q, £;,). 

It follows from Lemmas 3.1, 3.2 and the continuity of the operators V^^^ and xd that defined 
above operators Mj^^i, Mi^Q are bounded. Let us see that Mi^D and Mj^n coincide with Mj on 
C^{dD, Ei). Indeed, if v° e C^{dD, E^) then Remark 2.1 imphes V^£^v° e C°°(;D, £;i) and 

Miv' = M{Pf\' = M,r,(Pif i;°). 

Now using a homotopy formula (15) we obtain: 

XdV^'^v' = M,v' + T,,nA{Pf;^v' + A_,T,_,,r^vf\' + K.V^^^v'. 

Since C^idD, Ei) is dense in H-'-^''^{dD, Ei) then Mi continuously extends from C°°(9D, Ei) 
onto H~^~^l'^{dD, Ei) as defined above operators Mi^o, -/^i,n- Moreover, it is easy to understand 
that sections Mi^j^v^, M^^qv^ are coincide with the distributions Mv^ on D and Q \ suppt'^ 
respectively. □ 

Theorem 3.1. For every section u e HAi{D,Ei) the following formulae hold: 

Mi,DU + Ti^oAiU + Ai_iTi_i^DU + Ki^ou = u, (16) 

Mi^^u + Ti^nAiU + Ai^iTi^i^QU + Ki^nu = Xdu. (17) 

Proof. Pick u E HAi{D, Ei). Then u e H^^{D, Ei) with a number s G Z+ and there is 
{u„} C C°°{D, Ei) converging to u in the space H~^^{D, Ei). Now the homotopy formula (15) 
implies 

MiUi, + TiAiU,, + Ai^iTiUt, + KiU^ = xdu^- (18) 

Passing to the limit with respect to z/ — )■ oo in the spaces H^^{D, Ei) and H~'^{fl, Ei) in (18) 
we obtain (16) and (17) respectively because of Lemmas 3.1, 3.2, 3.3. □ 

o 

Remark 3.1. Let / e H~^~^{D, Ei^i). If Q, Qi are bounded domains in X (with smooth 
boundaries) containing D then sections Ti^nf G H~^{n,Ei) and Ti^n^f G H~^{Qi, Ei) belong 
to 5'Aj(fi \ D) and 5'Ai(f^i \ D) respectively. Since they are constructed as limits of a sequence 
of sections converging in different spaces, they coincide in (Oi (IQ) \D. The same conclusion 
is obviously valid for the smoothing operators Ki^ and Ki^-^. Moreover, as operators Mj^ 
and Mj^^i are constructed with the use of Ti^Q, Ki^Q and Tj^^i, -^i.^i respectively, this is also 

o 

true for sections of the type Mi^^^v^) with G H^~^/'^{dD, Ei). Since ^2 C X is arbitrary, the 

o 

Uniqueness Condition 1.1 allows us to say on sections Tif and Mjf° from S^.{X\D) such that 
Tif = Ti^nf G H-'{n, Ei), MiV^ = Mi^av^ G H-%n, Ei) for any domain flD D. □ 
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4 The Cauchy problem in spaces of distributions 

Problem 4.1. Given uq G V'{T,Ei), f e HAi+i{D, Ei^i) find a section u e HAi{D,Ei) such 
that 

AiU ^ f in D, Ti{u) = Ti{uo) on F, 
in the sense of Definition 2.1, i.e. 

{u, A*g)n = (/, g)D - {*i>i+iig),niuo))r for all g e CZn,{D U T, E,+,). (19) 

If i = then Aq has an injective principal symbol and the Cauchy problem has no more 
than one solution (see, for instance, [2, Theorem 10.3.5]). Clearly it may have infinitely many 
solutions if i > 0. Usually the Uniqueness Theorem of the Cauchy problem for i > is vahd 
in CO- homologies under some convexity conditions on dD \ V (cf. [16, Corollary 3.2]). Instead 
of looking for a version of Uniqueness Theorem wc will try to choose a canonic solution of the 
Cauchy problem (see §5 below for solutions in H\,[D,Ei)). 

We easily see that / and should be coherent. Namely, as A*A*j^^ = 0, taking g = A*_^-^w 
with w G C^^„^p{D U r, £'j_|_2) in (19) we conclude that for the solvability of problem 4.1 it is 
necessary that 

(/, A*^,w)n = {*i>i+i{A*^,w),n{uo))r for all w e C^npiD U T, E,^^). (20) 

Let us discuss this. First we note that, due to Corollary 2.6 and to the properties of 
the complex, Aj+i/ = in if the Cauchy problem is solvable. This corresponds to w e 
CZnp{D,E,+2) in (20). 

Besides, the operator A^ induces tangential operator {A,r} on dD (see, for instance, [13, 
§3.1.5]). More precisely, let it^ e 'D'{dD, Ei). Pick a section u G HAi{D,Ei) satisfying ri{u) = 
rj(-u°) on dD (there is at least one such a section, V'"^/' Ti{u^)) . Then set Ai^rU^ = Ti-^.i{Aiu). 
If we fix (yf G C°°{dD, Ei+i) then, by Remark 2.1, the section w = V'}^J^^fi+i{g) belongs to the 
space C°°{D, Ei+2)- Now, easily. Definition 2.1 and Lemma 2.1 imply that 

{-kg^Ai^rU^) = {i^i>i+2{fi+\{g)),Ti+i{Aiu)) = {-ki>i+2{w),Ti+i{Aiu)) = 

{AiU, A*^^w)d = {~kPi+i{A*^iw),Ti{u)) = {-kUi+^{A*^^w),Ti{uP)). (21) 

In particular, this means that Ai^TU^ does not depend on the choice of G HAi{D,Ei) with 
ri{u) — Ti{uP) on dD. 

Lemma 4.1. For the Cauchy data Uq and f , identity (20) holds if and only if Ai^if — in D 
and Ti+i,r(/) = A,r^i° on F. 

Proof. Indeed, as we have noted above, (20) implies Aj+i/ = in D. Then, similarly to 
(21), it follows from Definition 2.1 that, with w = V^^^^^^fi+i{g) , 

{■^g,n+i{f)) = {■ki'i+2{fi+i{g)),Ti+i{f)) = (★z>i+2(w),ri+i(/)) = {f,A*_^iw)D 

for all g G C^idD, Ei+i) if Ai+J = in D. Therefore taking vP = on T and g G 
C^p(r, Ei+i) in (21) we conclude that Ti+i,r(/) = ^i,rii° on T too, if identity (20) holds. 
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Back, if Ai_^if = in D and Tj+i r(/) = A,t'W° on F then , again applying Definition 2.1 
and calculating as in (21), we obtain for all w e C^p{D U F, -Ej+2): 

which was to be proved. □ 
It is important to note that Lemma 4.1 allows the point wise check of necessary solvability 

conditions for Problem 4.1, at least if the Cauchy data / and are smooth. 

Now choose a domain D'^ in such a way that the set = U F U is a bounded domain 

o 

with smooth boundary in X. It is convenient to denote F"^ the restrictions of a section F onto 
(here D' ^ D). 

Further, for u° e if~*~^/^(F, choose a representative e H~^~'^/'^{dD,Ei). We have 
seen above the potentials MiUQ and Tif satisfy Aj(Mj'Uo) = and Ai{Tif) — everywhere 
outside D as parameter dependent distributions. Hence the section 

belongs to SAi{D^) H H{Q,Ei). The Green formula (17) shows that the potential Fi contains 
a lot of information on solvability conditions of Problem 4.1. 

Denote xd{H{D, Ei)) the image of the space H{D,Ei) under the map xd '■ H{D,Ei) — >■ 
H{fl,Ei) (see map (6)). 

Theorem 4.1. Let Aj_i, Aj, Aj+i satisfy the Uniqueness Condition 1.1. Then the Cauchy 
Problem 4.1 is solvable if and only if condition (20) holds true and there is a section Ti G 
E{^, Ei) such that AiAi^i = in Q and {Fi - J^) e xd{.H{D, Ei)). 

Proof. Let Problem 4.1 be solvable and u be its solution. The necessity of condition (20) 
is already proved. Set 

J'i^u = M.^nTiiu') + T.^nf - Xdu. (22) 

Lemmas 3.1, 3.1, 3.3 and Remark 3.1 imply that J^i^u ^ H~^{Q, Ei) with some s G Z_|_. Clearly 
{Fi — Ti) = xdu G xd{H{D, Ei)). Then it follows from homotopy formula (17) that: 

J'i,u = Mi^ainiu'') -Tiiu)))- A-i^i-i.nii - KiU. (23) 

o 

Since (Tj('U°) — Tj(M)) = on F then Mj^Q(rj('U°) — Ti{u)) belongs to Sa^{X \ F) as a parameter 
dependent distribution. That is why, using Lemma 3.1, we obtain: 

^iJ^i,u = -AiAi_iTi_i^^u = -Ai_iAiTi_i^au = -Ai_iA*_^XDU in Q. (24) 

In particular, AiAiTi^^ = in Q. 

Back, let there be sections Ti G if(Q, Ei) and u G H{D, Ei) such that AiAiTi = in Q and 

XDU = F,-J^i. (25) 

Let us show that the section m is a solution to Problem 4.1. With this aim we consider the 
following functional w{u^) on the space C°°{D, Ei^i): 

{w{u''),v) = {Ti{v!'),i>i+i{v))dD for all v G C~(A^m)- 
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As f/" e V'{dD,Ei) then u° e H-'-^^idD, Ei) with some s e Z+ and hence for all v e 
C°°(D,Ei+i) we have: 

\{w{u^),v)\ < \\ri{u^)\\_s-l/2,dD\\i>i+liv)\\s+l/2,dD <C \\ri{u^')\\_s-l/2,dD\\v\\s+l,D 

with a constant C > which does not depend on vP and v. Therefore w{'uP) e H~^~^{D, -Bj+i) 
and its support belongs to dD. 

Clearly, C^^p{D UT,Ei^i) C C^„p(r2, -Ej+i) and Whitney theorem implies that every 
section from C^^p{DUT, -Ej+i) may be extended up to an element of the space C^^p(f2, Ei^i). 
Thus, (19) is equivalent to the following identity: 

9 = Axdu - xof + Xdw{vP) = in Q. (26) 

That is why m is a solution to Problem 4.1 if and only if -u G HaXD^ Ei) and the identity (26) 
holds. By the very construction, g belongs to V'{Q, -Ej+i) and its support lies in D. 
Then for all v e C^rnpi^^ -^j+i) we have 

{g, Ai+iv)n = {xdu, A*Ai+iv)n - (xd/, \+iv)n + {xdw{vP), Ai+iv)n 

{Fi - J-,, AiA*v)n - (/, A^+iv)d + (ri(w°), i>,+i(A,+it;))aD = 

{Fi, AiA*v)n - if, \+,v)d + (r,(«°), i),+,{\+,v))9D, (27) 

because A*Aj+i = AiA* and AiAiTi = in Q. 

Further, by Lemma 3.1, we see that for all v e C^^p{fl, fi'i+i), 

{T,,nf, A,A*v)n = (A*Xd/, A^vh = (/, AA;v)d. (28) 

This section belongs to {D, Ei) (see Remark 2.1 and Corollary 2.3). 

By the definition, rj(-u) = rj(£to) on dD. Now Lemma 3.3, the properties of the fundamental 
solutions and Definition 2.1 imply that for all v e C^^p{fl, Ei^i) we have: 

{Mi,nTi{u^), AiA*v)n = {xdu - Ti^^iAiU - A-iTi_i,nit - Ki^au, AiA*v)n = 

{u, A*AiA*v)D - {AiU, AiA*v)D = -(ri(M°), n+i{AiA*v)aD. (29) 
Therefore, using (27), (28), (29) we conclude that 

(51, Ai+iv)n = -(/, A*+iA+ii^)n + {Ti{u^),PiJ^i{A*^^Ai+iv))dD = 

for all V e C^p{Q, -Ei+i) because of condition (20). 

Thus, Ai+ig = in f2 and g = in . It follows from Uniqueness Condition 1.1 that (7 = 
in fi, i.e. identity (19) holds. In particular this means that A^u — f in D and, by Corollary 
2.5, we see that u e HA^iD, E^), which was to be proved. □ 

Corollary 4.1. Let f e H-'-\D, Ei+i), e H-'-^/^{T, Ei). The Cauchy problem 4.1 is 
solvable in the space H^^{D, Ei) if and only if condition (20) is fulfilled and there is a section 
Ti e H~^{D,, Ei) satisfying AiAiTi — in ft and such that {Fi — Ti) G xd{H~^{D, Ei)). 
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Proof. Indeed, if Problem 4.1 is solvable in H^^{D, Ei), then condition (20) is fulfilled and 
Ti — Fi — xdu (see (22)). Hence, by Lemma 3.3, the section belongs to H~^{Vt,Ei) and 
{F,-J^,)exD{H-\D,E,)). 

Back, if condition (20) is fulfilled, J-^ G H~'^{Q, Ei) satisfies AjAjJ-i = in and (Fi—J-'i) G 
Xd{H~^{D, Ei)) then Problem 4.1 is solvable. Besides, one of its solutions u is given by formula 
( 25). In particular, xdu = {Fi - T^) belongs to H-'{fl,Ei). Pick v G C'^(D,Ei). Then, by 
Whitney Theorem, there is a section V G C°°(Q,£^i) with ||V^||s,n = II^IUd and v — V in D. 
By the definition, 

\{u,v)d\ = \{XdU,V)q\ < \\Xdu\\-s,q\\v\\s,D: 

i.e. u G H~^{D, Ei). Finally, as AiU = / G H''^~^{D, Ei+i), then u G H^^{D, Ei) according to 
Corollary 2.5. □ 
If i = then the operator Aq has injective principal symbol and Theorem 4.1 has the 
following form (cf. [2], [12] for the operators with real analytic coefficients and / = 0). 

Corollary 4.2. Let f G H{D, Ei), vP G V'i^, Eq). The Cauchy Problem 4.1 is solvable in the 
space Hao{D, Eq) if and only if condition (20) is fulfilled and there is a section To G H{D,, Eq), 
coinciding with Fq in and such that AqJ^o = m Q. 

Proof. If i = then the operator A*_^ in (24) equals to zero and therefore Aq-Fq = in f2. 

Back, as AqJ-o = then the section J^q is smooth in VL. According to [2, Theorem 9.4.8] 
the section J^o belongs to H{Vl, Eq) if and only if it has finite order of growth near dQ. As 
D C il, the section Tq has the same order of growth (in D) near dD. Then Tq G H{D, Eq), 
u^F- - Tq in H{D, Eq) and (Fq - Tq) G xd{H{D, Eq) because Fq = J'o in D+. □ 

In the next section wc will obtain a similar result in positive degrees of the complex {Ai} 
over Lebesgue space L'^{D,Ei) choosing a canonical solution u in (23). In any case. Theorem 
4.1 can be easily reformulated to be like Corollary 4.2 

CoroUciry 4.3. The Cauchy Problem 4.1 is solvable if and only if condition (20) is fulfilled and 
there is a section Ti G H{ft, Ei) such that {Fi — Ti) G XDiH{D, Ei)) and i^iTi co-homological 
to zero in Q with respect to the complex {Ai}. 

Proof. It follows from Theorem 4.1 and (24) because A^ o Ai_i = 0. □ 



5 The Cauchy problem in the Lebesgue space 

Consider now the case s = 0. Denote Eq the null space of the Cauchy Problem 4.1 for s = 0, 
i.e. Eq consists of L'^{D, £^i)-sections w with AiW — in D and Ti{w) = on F, or, the same 

{w, A*v)d = for all v G CZnp{D U F, Ei+,). (30) 

Formula (30) guarantees that Eq is a (closed) subspace in L'^{D,Ei). 

As the adjoint complex {A*} is elliptic too we may give similar definition of weak boundary 
value of a normal part (with respect to {Ai}) of a section on F. 
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Definition 5.1. We say that a section u e Ha*__^(D, Ei) , satisfying A*_-^u = h in D with 
h e H{D, Ei_i), has a weak boundary value Vi^riu) — J^i{uo) on T for Uq e V^T, Ej) if 

{h, g)D - {u, Ai_^g)D = {-^n-i{g): iyi{uo))r for all g e CZnp{D U T, 

Theorem 5.1. Let f G H~^{D, Ei^i) , u° = 0. // the Cauchy Problem 4.1 is solvable in 
H\,{D,Ei) then its unique L'^{D,Ei) -orthogonal to Sq solution u{f) satisfies iyi,r{u{f)) — 
on r in the sense of Definition 5.1 and A*_^u{f) — in D. 

Proof. Obviously, H^.{D, Ei) is a Hilbert space with the scalar product 

{■r)o,A,^{-r)o+{Ai-,Ai-)_i. 

Then the orthogonal complement to Eq in this space coincides with L'^{D, -orthogonal com- 
plement to Eq. Thus, if the Cauchy Problem 4.1 has a solution u in H\.{D,Ei) then its 
LF'{D, Ei) -orthogonal projection u{f) to the orthogonal complement to Eq is also a solution to 
Problem 4.1 (it is evidently unique with the prescribed property). Clearly, any section of the 
type with v e C^mpiD, belongs to Eq. Hence 

W), A_,v)n = for all v e CZnpiD, E,_,), 

and then A*_^u{f) = in D. 

Now, according to Corollaries 2.2 and 2.7, the section u{f) has traces of Vi{u{f)) on dD, 
belonging to H~^^'^{D, Ei). Hence, by Definition 5.1, the normal part t'i,r('w)/)) vanishes on P 
if and only if 

(«(/), A_,v)d = for all v E CZrjD U P, E,_^). (31) 

Further, it follows from Corollary 2.2 that the space H\.[D,Ei) is the Hilbert space with the 
scalar product 

Again we see that the orthogonal complement to Eg in this space coincides with L'^{D,Ei)- 
orthogonal complement to Eq. Denote vr^ the orthogonal projection on the subspace E^p, 
consisting of sections with vanishing tangential parts on P. Definition 2.1 guarantees that the 
subspace E^-j, is closed in H^.{D, Ei). As Ti^r{u{f )) — — then for all v G C^^p(L'UP, £"1-1) 
we obtain: 

{u{f),Ai_lv)D = {■Krj.u{f),Ai_iv)o^ri = {u{f) , ■Kr^Ai_iv)o^ri = ('u(/) , TT^r A-l'y)^. (32) 

On the other hand, for all g G C'^^p{D, -Ej+i) we have: 

{T:rrA^-lV,A*g)D = (tT^ A-l-y, A*5)o,ri = (A-1^^, TT^r A*5')o,ri = (A-l"", A*5')i3 = 0> 

because Ai o Ai_i = 0. Therefore AiT^j^Ai_iv = in D, and T^rrAi-iV G Eq for all v G 
C^p{D U P, Ei_i). Hence, formulae (31) and (32) and the fact that u{f) is orthogonal to Eq 
in L'^{D, Ei), imply that Ui^rW)) = on P. □ 
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Remark 5.1. It follows from Theorem 5.1 that for s — Q and — the Cauchy problem 
is equivalent to the following mixed problem: 

{AlA, + A_,AU)u = Alf in D, 
(tj + i'i)u — on r, 

{ri+iAi + Ui_iA*_^)u^Ti+i{f) on dD\r. 

This mixed problem for the Laplacian A*Ai + Ai_iA*_i can investigated by method of small 
parameter discussed in [11]. 

Corollary 5.1. Let f e H"\D,Ei+i), e H-^/^{T,Ei). If the Cauchy Problem 4.1 is 
solvable in the space H'^,{D,Ei) then the section u{f,uo) = u{f — AiV'}^^ Ti{u^)) + V^^\i{vP) 
is also its solution satisfying Vi{u{f ,uq)) = on F, A*u{f,UQ) = A*V^/^\i{u^) in D. Besides, 

iffe HUD u r, E,^,), e i/f+'/'(r, e^) then uo) e h^^d u r, e^), s e z+. 

Proof. Let u e H\.{D,Ei) be a solution to Problem 4.1 with data / e H-^{D,Ei+i), 
vP e if~^/^(r, Ei). Then, according to Lemma 2.1 and Remark 2.1, we have on F: 

n{u') = r,(«°), n{rf\i{u')) = r,(«°), i^i{r^f\r{u')) = 0. 

Hence Problem 4.1 with data f ^ f - AiV'^^ri{u°) e H-^{D, Ei+i) and = is solvable in 
the space H\.{D,Ei); the section u — u — V^^\i{vP) is its solution. Therefore Theorem 5.1 
implies that the section u{f, vP) is a solution to Problem 4.1 with data / e H~^{D, vP G 

i/-i/2(f^^.) By the construction it satisfies Vi{u{f,UQ)) = on F, A*v{f,UQ) = A*V^^\i{vP) 
in D. 

Finally, if / G Hf^J^D U F, E^j) then, using Theorem 5.1 and Lemma 2.1, we conclude that 
t{u{f)) = on F, 

i^M = (A*A + A,_^AU)u{f) = A*/ e Ht;o\D U F, E,). 

Therefore u{f) e H^+^D U F,^^), s G Z+, because of Theorem on local improvement of 
smoothness for solutions to Dirichlet Problem (see, for instance, [2, Theorem 9.3.17]). Similarly, 
if M° G Hi^/^'\T,Ei) then vf\i{u^) G Hl^^^{D U F, K,) according to Remark 2.1 and [2, 
Theorem 9.3.17]). Thus, «(/, uq) belongs to HiJ-^^{D U F, Ei), which was to be proved. □ 
Since Corollary 5.1 practically reduces the Cauchy Problem 4.1 to the case with zero bound- 
ary data, we consider the situation in detail. 

Theorem 5.2. Let Ai^i, A,, A^+i satisfy the Uniqueness Condition 1.1. /// G H~^{D, Ei+i) , 
M° = then Problem 4.1 is solvable in the space H\,{D,Ei) if and only if Ai+if = in D, 
Ti+i{f) = on F and there is a section Ti G L^{fl, Ei) fl S/:^^{yL) coinciding with Tif in . 

Proof. As vP = 0, then Fi = Tif. Moreover, by Lemma 4.1, condition (20) is equivalent to 
the following two conditions: Aj+i/ = in D and Ti^i{f) = on F. Now if there is a section 
J^i G L^{n,Ei) n SaA^) coinciding with TJ in then {TifY,H ^ L\D^,Ei) n Sa,{^), 
{Tif -J^i) G xd{L'^{D, Ei)) and AiAiJ='i = in Q. Therefore, it follows from Corollary 4.1 that 
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Problem 4.1 is solvable in the space H\.{D, Ei) if A^+i/ = in D and Ti+i{f) = on F. We 
note that formulae (23) and (25) yield: 

u{f) = {TJ-:Fr)eL\D,E,). (33) 

Back, if Problem 4.1 is solvable in the space H\_{D ^ E,j) then Aj+i/ = in D, Tj_|_i(/) = 
on r. Moreover, the extension G L^{D,Ei) fl SAiAii^) of the section Tj/ from on 
n is given by formula (23). Putting the solution u{f) into (23) and using formula (24) and 
Definition 5.1, we obtain for all v e (^^^^(il, Ei): 

-{AiTi,uif),v)n = {xDuif),Ai_iA*_^v)n = (ii(/), A-i^*-i^^)d = {A*u{f),A*v)D = 0, 

because ^'i,r('w(/)) = 0, 74*_^ti(/) = in D, i.e. AjJ^j_u(y) = in O. □ 

Remark 5.2. Theorem 5.2 easily implies conditions of local solvability of the Cauchy problem 
for complex {A} L^iD, Ej) for — 0. Indeed, fix a point Xq G F. Let U be a (one-sided) 
neighborhood of Xq in D and f = dU flF. Set Fi = TiXuf ■ As Fi = Fi + TiXD\uf we see that F^ 
extends as a solution to the Laplacian Ai in Q = U uf U-D^ if and only if the potential F^ does. 
Hence, under condition (20), the solution of the Cauchy problem exists in the neighborhood U 
where the extension of the potential F^ does. 

Also we would like to note that Theorem 5.2 gives not only the solvability conditions to 
Problem 4.1 but the solution itself, of course, if it exists (see (33)). It is clear that we can use 
the theory of functional series (Taylor series, Laurent series, etc.) in order to get information 
about extendability of the potential f (cf. [8], [2]). However in this paper we will use the 
theory of Fourier series with respect to the bases with the double orthogonality property (cf. 
[30], [2] or elsewhere). Moreover, using formula (33) we can construct approximate solutions of 
problem 4.1 in the Lebesgue space L'^{D,Ei). 

Lemma 5.1. Ifu Q is a domain with a piece-wise smooth boundary andQ\uj has no compact 
(connected) components then there exists an orthonormal basis {bp}'^i in L'^{Q,Ei) fl SAi{^) 
such that {b^\uj}'^=i is an orthogonal basis in L'^{cu, Ei) n SAi{<-o). 

Proof. In fact, these {bjy}'^^^ are eigen-functions of compact self-adjoint linear operator 
R{fl,uj)*R{fl,uj), where 

R{n,uj) : L\n,E,)nSAX^) ^ L\u,Ei)nSAM 

is the natural inclusion operator (sec [2] or [9, theorem 3.1]). □ 
Now we can use the basis {b^} in order to simplify Theorem 5.2. For this purpose fix 
domains (jj and fl as in Lemma 5.1 and denote by 

c.(Tj+)^ ^^f'";^;^^^(-'^^ ueN, 

the Fourier coefficients of Tj/+ with respect to the orthogonal system in -^^('^, Ei). 
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Corollary 5.2. Let f e H~^{D, -Ej+i), -u^ = 0. Problem 4.1 is solvable in the space H^.{D, Ei) 
if and only if A^^if — in D, Tj+i(/) — onV and and the series YlT=i converges. 

Proof. Indeed, if Problem 4.1 is solvable in L'^{D,Ej) then, according to Theorem 5.2 
condition (20) is fulfilled, and there exists a function Ti G L^(Q,£^j) fl 5'Ai(fi) coinciding with 
Tif~^ in a;. By Lemma 5.1 we conclude that 

oo 

J^ii^) = ky{J^i)h^{x), xeVt, (34) 
i/=i 

where kv{Ti) — {Ti,hi,)L'^{a,Ei)-, £ N, are the Fourier coefficients of JFi with respect to the 
orthonormal basis {hv} in L'^{Q,Ei) fl SAi{^)- Now Bessel's inequality imphes that the series 
J27=i converges. 

Finally, the necessity of the corollary holds true because 

'^'^^ '-^ ^~ {R{n,uj)b,,R{n,uj)b,)L2(^,,E,) " {b,,R{n,nyR{n,uj)b,)L^^^,E,) ~ 
Back, if the hypothesis of the corollary holds true then we invoke the Riesz-Fisher theorem. 
According to it, in the space L^(0, Ei) fl SAi{^) there is a section 

oo 

:Fi{x) = J2 Cu{Tif+)b,{x), xeQ. (35) 
i/=i 

By the construction, it coincides with Tj/^ in u. Therefore, using Theorem 5.2, we conclude 
that Problem 4.1 is solvable in L'^{D, Ei). □ 

The examples of bases with the double orthogonahty property be found in [9] , [2] , [30] . 

Let us obtain Carleman's formula for the solution of Problem 4.1. For this purpose we 
introduce the following Carleman's kernels: 

N 

€N{y, x) = {A*)'y^i{y, x)-J2 Cu{{A*)'yMy, -JAix), N e N, x e fl, y ^uj,x ^ y. 

Corollary 5.3. // Problem 4-i is solvable in L'^{D, Ei) for data Uq = Q and f e L'^{D, -E^+i) fl 
Hi^{D U r, Ei^i) then u{f) belongs to Hi^^{D U F, Ei) and the following Carleman formula 
holds: 

u{f){x)^ \im [ {^N{;x)J)ydy (36) 

where the limit converges in the spaces H\,{D, Ei) and Hi^^{D U F, Ei). 
Proof. Since lJ H D = 0, using Fubini Theorem we have for all u eN: 

Cu(Tif+)^ f {c.((A*yy^i(y,.)),f)ydy. 
Jd 

This exactly yields identity (36) after applying Corollary 5.2, formula (35) and regrouping the 
summands in (33). 

Besides, since J-^ and each function b^ are solutions of the elliptic system Aj in fl, the Stiltjes- 
Vitah theorem imphes that the series (35) converges in C^^{fl,Ei). Therefore we additionally 
conclude that the limit converges to u{f) in H^+^{Dur, Ei) because e H^{D, Ei)nH^^^^{D[J 
T,Ei) due to the transmission property (see [27]). □ 
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Corollary 5.4. Let (3) is an elliptic first order complex with constant coefficients in M". // 
dD \ T is a part of strictly convex domain Q D D, then for any section w G C°°{D, Ei) there 
is a section h G L^{D, Ei_i) fl C'^J^D U F, Ei_i) such that Ti{Ai_ih) = onV and the following 
formula holds true: 

wix) = V^^\rniw))x)+ lim I {€n{; x), A{u - V^£\rniw)))y dy + A.ihix), (37) 

where the limit converges in the spaces H\.{D, Ei) and Ci^J^D U F, Ei). 

Proof. Under the hypothesis of the corollary, Problem 4.1 is solvable for data Tj r(M) G 
C°°(F,i?j) and AiU G C°°(D, Extending Tix{w) by zero onto all the boundary of 

we obtain wq = XrTi{w) G L'^{dD, Ei). Now Corollary 5.1 implies that the section u{AiW,wo) 
belongs to the space L^{D, Ei) n C^^^D U F, Ei) and v = w - u{AiW, uq) G Sq n C^^{D U F, Ei). 

Denote Vq the extension by zero of v from D on Q,. Clearly, vq G L^(Q, E^). As Ti^iv) — 0, 
then Aj+i^o = in Q and hence there is a section h G L^(Q,£'j_i) fl Hl^^{Q,,Ei_i) such that 
Ai^ih — vq inQ (see, for instance, [34]). Set h — h — Aj_2$i_2XD^*_2^- Then 

A*_2Ai_ih = A*_^Ai_2A*i_ih - A*_^Ai_2XDA*_ih = in D, 

A-iAi_i/i = = Ai^iA*_^v in D, 

As the operator (Aj-i © 74*_2) Aj_i has injective symbol and 

(A-i e AU)Ai^^h = (A,_a*_i^, 0) G C^,{D U F, (£;,, £;,_2)), 

we see that h G Ci^^{D U F, £^i_i) satisfies Ai^ih — w in D. Thus, ^; = u{AiW, uq) + Ai^ih and 
formula (37) follows from Corollary 5.3. □ 
At the conclusion let us consider an example. 

Example 5.1. Let (3) be Dolbeault complex over C", i.e E^ be the bundle of exterior differential 
forms of bi-degree (0,i) and Ai be the operator Cauchy-Riemann operator di for the exterior 
differential forms. Choosing coordinates z = {zi, ■■■,Zn) with^;^ = xj + y/^Xj+n, j = 1, ...,n, 
and x^{xi, x^n) e K^" we have for a form u G C°°(C", A(°'*)): 

n 

u — ui{z) dzj, diU — -Q^{z) dzj A dzj, 

\I\=i J=l \I\=i 

where J- = | (gf- + V^Q^^,dZj = dxj + ^^dxj+n, I = (ji, . . . , j^), c?^/ = dzj^h- ■ -Adzj^ 
and A is the exterior product for differential forms. 

Let * be the Hodge operator for differential forms (see, for instance, [31, §14] or [13]) 
It is well-known that = w for a form u. Then A, = 1/2 AIk{i), where A is the usual 
Laplace operator in R^" and Ik(i) is the unit k{i) x /c(i)-matrix. If $j = where $ is the 

standard fundamental solution to A of the convolution type, then Mj is the Martinelli-Bochner- 
Koppelmann integral and (17) is the the Martinelli-Bochner-Koppelmann integral formula (see, 
for instance, [32] or [13]). 
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Let {hu } be the set of homogeneous harmonic polynomials forming a complete orthonormal 
system in the space L'^{dB{0, 1)) on the unit sphere dB{0, 1) in M^", n > 1 (see [33, p. 453]). 
Therefore {^^^9^(0 i)} ^^e spherical harmonics where ly is the homogeneity, j is the number of 
the polynomial of degree u in the basis, 1 < j < J{iy) with J(z/) = (^"+^|^~|K^^+'"-3)! ^ > g, 

J(0) = 1. It is easy to see that the system {hu^} is orthogonal in L'^{B{0, R)) for any ball 
B{0,R). 

Let D be a part of the unit ball Q cut off by a hyper surface F ^ 0. Then Carleman kernel 
in formulae (36), (37) has the following form: 

£.(c, .) = *A».(c, - E E E *A ( |^|.„..,-.(2;+%-2) j '""'(^i -^'^ 

A result similar to Corollary 5.4 was obtained in [16, Theorem 3.1] for the Dolbeault complex 
if dD \ r is i-strictly pseudo concave hyper surface; however they had no aim to prove that the 
tangential part of the rest dih vanished on F. 
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